The strong field approximation is used to investigate the harmonic generation of aligned N 2 and O 2 molecules. It is shown that the angular dependence of the yields of high-order harmonic generation from N 2 and O 2 molecules are different, which can be attributed to the orbital symmetry of the outmost electrons. The theory is applied to study the angular dependence of harmonic generation from recent pump-probe experiments where the pump pulse was used to produce the time-dependent partial alignment of molecules and the probe pulse was used to generate high-order harmonics. Good agreement with the experiments was found.
I. INTRODUCTION
The high-order harmonic generation ͑HHG͒ of atoms or molecules in intense laser fields is a subject of great research interest owing to its potential as a desk-top extreme ultraviolet ͑XUV͒ light source ͓1,2͔ and for the production of attosecond pulses ͓3,4͔. While HHG has been well studied for atoms both theoretically and experimentally, much less has been done for molecules. The general features of HHG from atoms or molecules are similar: a steep drop in intensity in the low order, followed by a plateau region of nearly constant strength, and then a sharp drop beyond the cutoff. However, the details are different-especially the relative strength of the HHG and the location of the cutoff. By comparing atoms with molecules of nearly identical binding energies, Shan et al. ͓5͔ observed that the HHG cutoff of O 2 molecules is extended to higher order in comparison to its companion atom, Xe. No such extension was found for N 2 in comparison to its companion atom, Ar. According to the molecular tunneling ionization theory ͑MO-ADK͒ ͓6͔, the difference in O 2 and N 2 in HHG cutoff can be attributed to the fact that tunneling ionization rates depend critically on the wave function of the highest occupied molecular orbital ͑HOMO͒, in particular, their orbital symmetry. These orbital symmetries determine decisively how the ionization rates depend on the alignment of the molecules with respect to the direction of the laser's polarization. Since tunneling ionization is the precursor, that is, the first step in the three-step model for the harmonic generation ͓7͔, it is generally expected that the HHG yield would depend on the alignment of molecules as well.
Glimpse of such dependence has been found in experiments. Shan et al. ͓8͔ observed significant difference in the ellipticity dependence of HHG between O 2 and N 2 . They attributed the difference to the ungerade vs the gerade HOMO orbitals of the two molecules, respectively. In their interpretation, the symmetry of the HOMO was not correctly represented, however. The effect of molecular alignment on HHG has also been studied by Marangos and co-workers ͓9-12͔ recently. They measured the HHG yield of H 2 , N 2 , CO 2 , and CS 2 by a 70 fs high intensity laser in the presence of a weak long aligning laser. They found in general that the yield is enhanced in comparison to the case when the aligning laser is not present. To interpret their observations, they carried out restricted one-dimensional and two-dimensional model calculations. The calculations were found to have only limited success ͓11,12͔. More recently, Itatani et al. ͓13͔ measured the HHG yield of N 2 and O 2 in a pump-probe arrangement: a weak short pulse was first used to create the field-free time-dependent dynamic alignment of molecules. A second intense short pulse is used to generate high-order harmonics at the short time interval when the molecules are maximally aligned. The HHG yield is then determined for different angles between the polarization direction of the probe laser with respect to the pump laser. In separate experiments, this group ͓14͔ and Kaku et al. ͓15͔ measured the HHG yield vs the time delay between the pump and probe pulses and determined the variation of the average HHG yield with the time delay. The variation of the HHG yields versus time was found to follow closely the average alignment of the molecules for N 2 molecules but not for O 2 molecules.
Theoretically, the alignment dependence of HHG can be obtained by calculating the dipole moment of molecules in the presence of laser fields, by solving the time-dependent Schrödinger equation. Even with a simplified one-electron model by including only the electron in the HOMO orbital of each molecule, such calculations ͓11,12͔ are still too time consuming to generate adequate data for comparison with experiments. It is well known that the emission of HHG from atoms can be described by the semiclassical three-step model ͓7͔. First, an electron is tunnelled from the atom, the released electron is accelerated by the oscillating laser field and may be driven back to recollide with the parent ionic core, finally high-harmonic photons are emitted when the high-energy electron is recombined with the ionic core. The semiclassical version of this model for HHG is given by Lewenstein et al. ͓16͔ and this model is commonly called Lewenstein model. In this paper, we extended the Lewenstein model to calculate HHG from molecules, and applied it to study the alignment dependence of N 2 and O 2 molecules measured in recent experiments. Since the molecules in these measurements are only partially aligned, integration of the HHG yields over the angular distribution of the molecules has to be carried out in order to compare with experiments. The paper is arranged as following. In Sec. II, we present the explicit expressions for the calculation of harmonic generation from molecules in a linearly polarized laser field by using the the Lewenstein model. In Sec. III, we show the dependence of the HHG yields for N 2 and O 2 molecules with fixed orientation in space. By convoluting these yields with the angular distributions of molecules from a pump pulse, the calculated harmonic yields are compared to recent pump-probe experiments. It is shown that a good agreement has been achieved with such simple calculations. The drastic difference between N 2 and O 2 molecules was attributed to the orbital symmetry of these molecules. Finally, the paper concludes with a short summary.
II. THEORETICAL MODEL
The model of Lewenstein et al. ͓16͔ for the high order harmonic generation from atoms was based on the strong field approximation. This model was obtained by expanding the time-dependent wavefunction in terms of the basis functions of the atom, with the laser-atom interaction providing the transitions. By truncating the Hilbert space to include only the ground state and excluding all the other bound excited states, and further approximating the continuum states by the Volkov states, the time-dependent dipole moment for an atom in the laser field E͑t͒ was expressed as ͓16͔
where the laser polarization direction is along n and c.c. stands for complex conjugate. In Eq. ͑1͒, a͑t͒ is the amplitude of the ground state, d͓p − A͑t͔͒ is the transition dipole moment between the ground state and the continuum state, with p and A the canonical momentum and vector potential, respectively, and
is the quasiclassical action, where I p is the ionization potential of the atom. Equation ͑1͒ has clear physical interpretation. First, E͑tЈ͒ · d͓p − A͑tЈ͔͒a͑tЈ͒ describes the amplitude of ionization by the laser field at time tЈ. The continuum electron propagates in the laser field from tЈ to t and acquires a phase factor e −iS͑p,t,tЈ͒ . Finally, the electron recombines with the ion at time t with the probability amplitude n · d * ͓p − A͑t͔͒a * ͑t͒. In Eq. ͑1͒, a͑t͒ was introduced to include the ground state depletion. After performing integration over p by the saddle point method, the time-dependent dipole matrix element reads
͑3͒
where p st ͑t , ͒ = ͐ t− t A͑tЉ͒dtЉ / is the momentum at the stationary point of the action, and ⑀ is a small positive constant. In order to establish to what extent the Lewenstein model is valid, we carried out the calculation of HHG for atomic hydrogen by using the Lewenstein model and by directly solving time-dependent Schrödinger equation numerically ͓17͔. In our calculation, we took the laser field to be a Gaussian pulse of 35 fs duration full width half maximum ͑FWHM͒, peak intensity I =4ϫ 10 14 W/cm 2 , and mean wavelength = 800 nm. The results for hydrogen atom are shown in Fig. 1 , in which the results predicted from the Lewenstein model are normalized to the ones from the ab initio calculation so they agree in the plateau region globally. This figure shows that overall the results from the two methods agree quite well. Above the cutoff position, the HHG from the numerical solution does not drop off quickly due to the HHG's were calculated from the length form ͓17͔ which is known to be less accurate in this region.
The Lewenstein model can clearly be extended to high order harmonic generation from aligned molecules. In this case, ab initio calculations of HHG from molecules are practically impossible except for a few very limited calculations ͓18-21͔. To answer the questions of the alignment dependence of HHG for molecules, we thus chose to use the Lewenstein model to perform the calculation and focus only on harmonics in the plateau region. In the calculation, the molecule and the laser's polarization are chosen to be on the y-z plane, with the axis of the molecule being along the z axis. The polarization of the laser makes an angle with respect to the molecular axis. The time-dependent dipole mo- ment Eq. ͑3͒ then takes the following form for molecules:
where d y and d z are the y and z components of the dipole moment of the molecule. The components of the molecular dipole moment are calculated using the ground state wave function of the molecule at the equilibrium distance and the final state wave functions approximated by the plane Volkov states, according to the Lewenstein model. In order to consider the depletion of the molecular ground state, its amplitude was approximated by a͑t͒ = exp͓−i͐ −ϱ t W͑tЈ͒ /2dtЈ͔, here the ionization rate W͑tЈ͒ was evaluated using the tunneling ionization rate for molecules ͑the MO-ADK theory͒ ͓6͔. Note that the tunneling ionization rates calculated using the MO-ADK theory have explicit alignment dependence ͓22͔. Because the wave functions of N 2 and O 2 molecules have different symmetry, the ionization rates have different behavior with respect to the alignment of the molecular axis. The wave function of a diatomic molecule can be expressed in terms of basis functions on the two atomic centers
where R is the vector between the two nuclei. For wave functions calculated from quantum chemistry codes, the basis functions are typically of the form
We only need to consider d y and d z : 
and for symmetric mixing:
where i ͑p͒ is the Fourier transform of wave function in Eq. ͑6͒. The dipole moment has similar form
Meanwhile, d z has similar expressions. Once the timedependent induced dipole moment is calculated from Eq. ͑4͒, its Fourier transform is used to obtain the angular dependence of the high-order harmonic spectra. It is clear that Eq. ͑3͒ can be extended to polyatomic molecules as well. Experimentally, the angular dependence of the high-order harmonic spectra can be measured indirectly by the pump-probe technique. This is achieved by exposing the molecules to a short weak pulse to create a rotational wave packet. This wave packet rephrases at a later time and the molecules are strongly aligned periodically at intervals separated by their fundamental rotational period. Then, when the molecules are maximally aligned, a more intense laser pulse was used to generate high-order harmonics. For a short weak laser pulse, the alignment, or more explicitly, the time evolution of the angular distributions of an ensemble of homonuclear diatomic molecules, can be calculated by solving the time-dependent Schrödinger equation of a rigid rotor in a pump laser field. The validity of such a model has been tested experimentally ͓24͔. A simple parameter that has been used to measure the degree of alignment of such an ensemble of molecules is ͗cos 2 ͘ where the bracket means an ensemble average over the angular distribution of the molecules. If ͗cos 2 ͘ is at the maximum, at the time of full or half rotational revivals, there are more molecules aligned in the laser polarization direction. Such favorable alignment lasts for tens of femtoseconds and a probe laser is used to generate HHG from these highly aligned molecules. We tested the present calculations against the experiment of Itatani et al. for N 2 , where a pump pulse of intensity 4 ϫ 10 13 W/cm 2 , duration 30 fs, wavelength 800 nm, was used to align the molecules. In order to compare with experimental data, the time-dependent emission yield of the ͑2n +1͒th order harmonics g 2n+1 ͑t͒ of these aligned molecules was calculated from
where ͑ , t͒ is the angular distribution of the molecules after the pump laser is over. For quantitative measure, we use ḡ 2n+1 to denote the intensity of the ͑2n +1͒th order harmonics by integrating the intensity calculated between the 2nth and ͑2n +2͒th orders for the pure aligned molecules. If the polarization directions of the probe and the pump pulses are different, then the integration over the angular distribution of the aligned molecules does not have the cylindrical symmetry and two-dimensional integration is needed.
III. RESULTS AND DISCUSSION
We calculated the alignment dependence of HHG for N 2 and O 2 molecules. In our calculation the laser pulse takes the Gaussian form:
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with pulse duration ͑FWHM͒ w = 30 fs, wavelength = 800 nm, and peak intensity I =3ϫ 10 14 W/cm 2 for N 2 , and I =2ϫ 10 14 W/cm 2 for O 2 . Figure 2 displays the results for N 2 molecules. In the upper panel, the HHG signals at different angles 1.5°, 20°, and 40°are shown. The strength of the HHG emission for N 2 molecules is maximum near 0°for harmonic orders in the plateau region between the 27th and the 45th. At larger angles, the harmonic yields decrease significantly. In the lower panel the angular dependence of the yield of selective 27th, 35th, and 43rd orders are given. In the plateau region, the angular dependence for different orders do not change much. The yield for each order has a minimum near 60°. This dependence is slightly different from the alignment dependence of the tunneling ionization rate of N 2 ͓22͔, which decreases monotonically with increasing angles according to the MO-ADK model. This difference can be attributed to the recombination process in the highorder harmonic generation. It is well known that the HHG is created in three steps: ͑a͒ tunneling ionization of the electron from the ground state; ͑b͒ propagation of the free electron in the oscillating laser field; and ͑c͒ emission of HHG by recombination of the rescattering electron with the ion back to the ground state. The first step happens in the asymptotic region and the alignment dependence of this process is well described by the MO-ADK theory ͓6͔. For N 2 , this angular dependence decreases monotonically from 0°to 90°͓22͔. The second step is relatively insensitive to the alignment because of the transverse spread of the wave packet of the returning electrons. The third recombination process happens in the inner region and angular dependence can arise from the dipole matrix element, which in turn depends on the ground state molecular orbital near the equilibrium distance.
We can interpret the calculated angular dependence of HHG shown in Fig. 2͑b͒ qualitatively. For N 2 molecules the ground state is a g orbital. At large internuclear distances the molecular orbital consists of linear combinations of 2p 0 atomic orbitals on the two centers with a i =−b i ͓see Eq. ͑5͔͒. ͑Note the antisymmetric combination coefficients for g orbital for the bonding orbital in N 2 , instead of the symmetric ones stated in ͓25͔.͒ At smaller internuclear separations, hybridization is large and the actual g molecular orbital does contain 2s-type atomic orbitals from the two centers. For these s-type components, the mixing coefficients from the two centers are symmetric, i.e., a i = b i . According to Eqs. ͑10͒ and ͑11͒, the dipole matrix elements for the antisymmetric combination vanishes when the electron momentum is perpendicular to the internuclear axis, while for the symmetric combination the dipole matrix element has a local maximum there. We thus attribute the gradual rise in the HHG yields in Fig. 2͑b͒ at larger angles to s-type atomic orbitals ͑instead of the p 0 type͒ in the ground state MO of N 2 . From the actual MO wave functions used in our calculation, we found that the s type has a weight of 0.3, compared to the weight of 0.7 for the p 0 type. Since different orders of HHG probe different ranges of the momentum space ground state wave function, it may be anticipated that HHG from aligned molecules can provide a precise probe of molecular structure. On the other hand, it should be noted that the minimum predicted in Fig. 2͑b͒ according to the present Lewenstein model could easily disappear due to contributions by electrons from other orbitals, or by deviations from the Lewenstein model itself. Thus experimental observation and/or precise ab initio calculations of the angular dependence of the HHG yields in the plateau region could be of interest for N 2 molecules.
In contrast to N 2 , the results predicted for O 2 molecules are quite different ͑see Fig. 3͒ . The HHG yields for a given alignment are nearly constant in the plateau region, but clearly they are very small when the molecules are aligned near the laser polarization direction. The yield reaches a maximum near about 50°-60°and then drops down at larger angles toward 90°. Note that the HOMO of O 2 molecules has g symmetry. The MO-ADK theory predicts that it has maximum tunneling ionization rates when the O 2 molecules are aligned at an angle of about 40°-45°from the direction of the laser's polarization, significantly smaller than the peak angles shown in the bottom frame of Fig. 3 . Again, since recombination for the HHG occurs near the equilibrium distance while tunneling occurs where the electron is much farther away, the alignment angle where the ionization rate is maximum may differ somewhat from the angle where the HHG yield is maximum. For the g molecular orbital, it consists of 2p 1 -type atomic orbitals from the two centers with a i =−b i , i.e., antisymmetric mixing. The symmetric combinations would have to come from 3d 1 -type atomic orbitals. Actual g molecular orbitals calculated for O 2 shows there is little contribution beyond the 2p 1 type. Thus the HHG for O 2 at 90°vanishes, as shown in Fig. 3͑b͒ .
The theoretical predictions of the angular dependence of the HHG yields presented above cannot be directly measured yet since it is not possible to freeze the rotational motion of FIG. 2 . ͑Color online͒ Alignment dependence of the HHG signals from N 2 calculated using the Lewenstein model. Laser pulse duration, 30 fs, peak intensity, 3 ϫ 10 14 W/cm 2 , and mean wavelength, 800 nm. molecules experimentally at finite temperature. The best one can do so far is to use a weak pump laser to partially align the molecules, and then use another probe laser to generate HHG from these molecules, and compare them to those without the presence of the pump laser. Partial alignment of molecules can be achieved by a short weak pulse to create a rotational wave packet. When the field-free wave packet rephases at full or half-full rotational periods, the molecules are instantaneously maximally aligned. In Itatani et al. ͓13͔, a second probe laser was used to generate high-order harmonics. By changing the polarization direction of the probe lasers, effectively the angular dependence of the HHG yields are determined. Since the maximum alignment by the pump laser achieved in this experiment is only modest, the theoretically predicted alignment dependence of HHG has to be convoluted with the angular distributions of the molecules from the pump pulse. By using the laser parameters from Itatani et al. ͓13͔ , in a recent paper we have shown ͓26͔ that the dependence of the harmonic spectra from N 2 in the plateau region versus the angles between the pump and the probe lasers can indeed be explained by the Lewenstein model. The yields drop monotonically with increasing angle between the two polarizations. This behavior is by no means general. In fact, we have shown ͓26͔ that the dependence is entirely different for O 2 molecules. The HHG yield for all harmonics would peak when the polarizations of the two lasers are about 45°with respect to each other. No such experiment has been carried out for O 2 molecules yet.
To complement these earlier calculations, in Figs. 4 and 5 we show the angular dependence of individual harmonics for N 2 and O 2 , respectively, in the plateau region. For N 2 the yield for each harmonic order decreases monotonically with increasing angles, and for O 2 the yield for each harmonic order all peaks at about 45°. Note that these results are obtained by averaging over the partially aligned ensemble of molecules from the pump laser.
In another experiment, Itatani et al. ͓14͔ measured the harmonic yields versus time when the molecules are under the condition of free rotation after a short pump laser was used to generate the rotational wave packet. Since the angular distribution of the molecules changes continuously during the free rotation, a probe laser polarized in the same direction as the pump pulse would give time-dependent total HHG yield. In Fig. 6 we show the yield of the specific harmonic versus time for N 2 molecules, and compare it with the time evolution of the alignment of molecules, as qualitatively measured by the expectation values ͗cos 2 ͘. From Fig. 6͑a͒ , it is clear that the time evolution of the different harmonics are about the same, and the dependence follows the alignment of the molecules shown in Fig. 6͑b͒ . This result is in agreement with the recent measurement of Itatani et al. ͓14͔. For O 2 molecules, as shown in Fig. 7 , the results are quite different from N 2 . While the yield of each harmonic versus time does not change much for different harmonic order, they look quite different from the average alignment ͗cos 2 ͘, as shown by the solid lines in Fig. 7͑b͒ . Since the peak of HHG yield occurs in the range of about 50°-60°͓see Fig. 3͑b͔͒ for different harmonic order, a simple measure of such shift is to FIG. 3 . ͑Color online͒ Alignment dependence of the HHG signals from O 2 calculated using the Lewenstein model. Laser pulse duration, 30 fs, peak intensity, 2 ϫ 10 14 W/cm 2 , and mean wavelength, 800 nm. compare it with ͗sin 2 2͘, which is shown as the dashed line in Fig. 7͑b͒ . Clearly this curve resembles the HHG yield results much better in Fig. 7͑a͒ . Note that the maxima and minima for each curve in Fig. 7͑a͒ do not line up exactly with those in ͗sin 2 2͘, an indication of the shift of the maximum from 45°for each harmonic as seen in Fig. 3͑b͒ . The results presented here are again in agreement with the recent data of Itatani et al. ͓14͔ where only the sum of the harmonic yields with respect to time were compared.
IV. SUMMARY AND CONCLUSIONS
In this paper we showed that the Lewenstein model can be used to study the dependence of high-order harmonic yield in the plateau region versus the alignment angle of the diatomic molecules with respect to the direction of the linearly polarized laser pulse. Since full ab inito calculations on the alignment dependence of harmonic generation by molecules is still a formidable task, we have chosen the simpler Lewenstein model for this purpose, but with accurate ground state molecular wave functions. We have shown that the molecular structure, or more precisely, the orbital symmetry of the highest occupied molecular orbital, plays an essential role in determining the alignment dependence of HHG. Similar sensitive dependence has been shown earlier for the tunneling ionization rates. While the prediction of the dependence of each harmonic with respect to the aligned angle of the molecular axis cannot be determined directly at present experimentally, the angular dependence of the harmonic yield from a partially aligned ensemble of molecules has been determined recently and we showed that the results are well explained by the present calculations based on the Lewenstein model. Our main conclusion is that the alignment dependence of HHG is determined mostly by the orbital symmetry of the HOMO of the molecules. This is just another example where the orbital symmetry of the outermost occupied electron plays an essential role in strong field physics. Future alignment dependence experiments on HHG should look for finer deviations from this general prediction, to establish the validity of the simple Lewenstein model, and identify possible effects of contributions from other shells.
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